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ABSTRACT
We calculate the hyperfine structure constant for the Eu isotopes with shell
model wave functions. The calculated results are compared with those predicted
by the Moskowitz-Lombardi (M-L) empirical formula. It turns out that the two
approaches give the very different behaviors of the hfs constants in the isotope
dependence. This should be easily measured by experiment, which may lead to
the universality check of the M-L formula.
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1. Introduction
The magnetic hyperfine structure constant (hfs) has been extensively stud-
ied for various nuclei since it can present some interesting information on
the magnetization distribution in nucleus [1-5]. The main difference be-
tween the magnetic moment operator and the magnetic hfs constant lies in
the appearance of the new type of operator Σ
(1)
i as defined by
Σ
(1)
i ≡ si +
√
2π[sY (2)]
(1)
i . (1.1)
This operator Σ
(1)
i looks similar to the magnetic moment operator. How-
ever, it presents often quite different behaviors from the magnetic moment.
In particular, this shows up in the isotope shifts of the hfs constant. For
example, the isotope shifts of the hfs constant for the Mercury nuclei indi-
cate that the expectation value of the Σ
(1)
i operator is constant over wide
range of the shell model configurations.
Due to this fact, there is a remarkably good empirical formula which is
proposed by Moskowitz and Lombardi (M-L formula) [5]. This M-L rule
simply states that the isotope shifts of the hfs constant for the Hg nuclei
can be well described if we write the hfs anomaly ǫ as
ǫ =
α
µ
(1.2)
where α = ±0.01 n.m. for the valence neutrons with the spin of I = ℓ± 1
2
,
and µ denotes the magnetic moment. The M-L formula can describe the
isotope shifts ∆12 of the hfs constant for the Hg nuclei surprisingly well.
Now, a question arises. Can the M-L formula work equally well for other
nuclear isotopes as well ? This is the main question we want to address in
this paper.
Recently, Werth et al.[6] proposed to measure the isotope shifts ∆12 of the
hfs constant for the Eu nuclei. This is a very interesting isotope from the
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point of view of the empirical formula. The measured magnetic moment of
the Eu nuclei shows a drastic change at the mass number A = 153. For the
isotopes of the Eu from A = 145 to 151, the magnetic moment may well be
described by the core polarization effects. However, the magnetic moments
of A = 153 and the heavier Eu nuclei are roughly one half of those of the
lighter Eu isotopes.
This big change of the magnetic moments should show up if we use the
empirical formula of eq.(1.1). Indeed, if we calculate the isotope shifts ∆12
of the hfs constant for the Eu nuclei using the M-L empirical formula of
eq.(1.2), then we obtain a sharp transition at A = 153 for the ∆12.
On the other hand, we can also calculate the hfs constant of the Eu isotopes
by using the shell model wave functions. This is what we have done in
this paper. We calculate the magnetic hfs constant of the Eu nuclei by
considering the core polarization effects. For the big change of the magnetic
moment at A = 153, we consider some special state which is assumed
to absorb the magnetic moment. This state must be connected to some
collective state. But here we do not argue in detail which kind of properties
this special state can possess, apart from the assumption that this state
has a vanishing magnetic moment. Under this assumption, we obtain the
isotope shifts ∆12 for the Eu nuclei which do not show any sudden change
at A = 153. This is mainly because the core polarization effects on the
magnetic moment and on the Σ
(1)
i operators behave very similarly and thus
they cancel with each other. This large difference between the two theories
should be checked by experiment.
From the experimental side, there is an important progress to measure the
isotope shifts of the magnetic hfs constant [6,7]. This becomes possible due
to the ion trap method which can isolate the atoms. This ion trap method
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can measure hfs separations with an accuracy of 10−8 or even lower, which
is by far better than the accuracy any theoretical models can predict. Also,
the feasibility to measure directly nuclear magnetic moments by the ion
trapping technique has been demonstrated successfully[8]. With this high
accuracy of the ion trap method, there is some possibility to check the
time reversal invariance in the atomic processes once nuclear ambiguities
are removed. This is also one of our purpose to study the magnetic hfs
constant, though we still do not have any good physical quantities at hand
to study the time reversal invariance.
The paper is organized as follows. In the next section, we briefly explain
the theory of the magnetic hyperfine structure in electronic atoms. Then,
section 3 treats the calculation of the nuclear part of the hfs constant by
using shell model wave functions. Also, we explain a special state which
has a vanishing magnetic moment. In section 4, numerical results of the
isotope shifts of the hfs constant for the Eu nuclei are presented. Also, the
empirical formula of Moskowitz and Lombardi is compared to the present
calculation. In section 5, we summarize what we have understood from this
work.
2. Magnetic Hyperfine Structure Constant
The atomic electron which is bound by the nucleus feels the magnetic in-
teraction in addition to the static Coulomb force. The magnetic interaction
between the electron and the nucleus can be described as
H ′ = −
∫
jN (r)A(r)d
3r (2.1)
4
where the nuclear current jN (r) can be written as
jN(r) =
eh¯
2Mc
∑
i
g(i)s ∇×siδ(r−Ri)+
∑
i
g
(i)
ℓ
e
2M
(Piδ(r−Ri)+δ(r−Ri)Pi).
(2.2)
A(r) denotes the vector potential which is created by the atomic electron,
and it can be written as
A(r) =
∫
jL(r
′)
|r− r′|d
3r′ (2.3)
where jL(r) denotes the current density of the electron and is written as
jL(r
′) = (−e)αδ(r− r′).
In this case, the magnetic hyperfine splitting energy W can be written as
W =< IJ : FF |H ′|IJ : FF >= 1
2
[F (F +1)− I(I+1)−J(J+1)]aI (2.4)
where I,J and F denote the spin of the nucleus, the spin of the atomic
electron and the total spin of the atomic system, respectively. aI is called
the magnetic hyperfine structure (hfs) constant. Following ref.[3], we can
write the expression for the aI as
aI = a
(0)
I (1 + ǫ) (2.5)
where a
(0)
I is the hfs constant for the point charge, and can be written as
a
(0)
I = −
2ekµN
IJ(J + 1)
µ
∫
∞
0
F (kJ)G(kJ)dr (2.6)
where F (kJ) and G(kJ) are the large and small components of the relativistic
electron wave function for the kJ state. µN is the nuclear magneton.
ǫ is called the hfs anomaly and can be written as
ǫ = −1
µ
< II|
A∑
i=1
N(Ri)µi|II > −1
µ
< II|
A∑
i=1
K(Ri)g
(i)
s Σ
(1)
i |II > (2.7)
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where Σ
(1)
i is defined in eq.(1.1). N(R) and K(R) are written for the atomic
electron as,
N(R) = 0.62b(kJ)
(
R
R0
)2
(2.8)
K(R) = 0.38b(kJ)
(
R
R0
)2
(2.9)
where R0 is a nuclear radius and can be given as R0 = r0A
1
3 with r0 = 1.2
fm. On the other hand, b(kJ) is a constant which can be calculated in terms
of relativistic electron wave functions and can be written as [3].
b(kJ) = 0.23k20R0γ(1− 0.2γ2)
[
−(1 + 4R0mec
3γh¯
)
]
/
∫
∞
0
F (kJ)G(kJ)dr. (2.10)
me denotes the electron mass, k
2
0 is a normalization constant and the factor
in the square bracket is to be included for p 1
2
only, and γ = Ze2/h¯c.
The isotope shift of the hfs anomalies of the two isotopes ∆12 is defined as
∆12 =
aI1g2
aI2g1
− 1. (2.11)
Since the hfs anomaly ǫ is quite small, ∆12 becomes
∆12 ≈ ǫ1 − ǫ2. (2.12)
3. The hfs anomaly
The hfs anomaly ǫ can be calculated if we know the nuclear wave function.
However, it is often difficult and complicated to determine reliable nuclear
wave functions.
Here, we employ simple-minded shell model wave functions with core po-
larizations taken into account. We take the following two approaches. The
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first one is to consider only the ∆ℓ = 0 core polarization for the Σ
(1)
i oper-
ator. In this case, we can calculate the matrix element of the Σ
(1)
i without
introducing any free parameters as discussed in ref.[3]. On the other hand,
if we want to include the ∆ℓ = 2 core polarization for the Σ
(1)
i operator,
then we should use the nuclear wave function which can be obtained by
truncating the shell model spaces. In the case of the Eu nuclei, the con-
tribution of the ∆ℓ = 2 core polarization may be important since there
are two orbits ( 2f 7
2
and 1h 9
2
) nearby which generate a large effect on the
matrix element of [sY (2)]
(1)
i operator.
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(a) ∆ℓ = 0 core polarization
First, we consider the ∆ℓ = 0 core polarization for the Σ
(1)
i operator
[9-11]. In this case, we can express the effect of the core polarization
on the Σ
(1)
i operator in terms of the core polarization of the magnetic
moment. This is mainly because the core polarizations of
∑
g(i)s si and∑
g(i)s
√
2π[sY (2)]
(1)
i operators are related as
δ <
∑
g(i)s
√
2π[sY (2)]
(1)
i >= −
1
4
δ <
∑
g(i)s si > .
Therefore, we can write the expectation value of the Σ
(1)
i as
< II|
A∑
i=1
g(i)s Σ
(1)
i |II >= ±g(V N)s
3(I + 1
2
)
4(I + 1)
+
3g(V N)s
4(gs − gℓ)(V N) (µ−µsp−δµ
mes)
(3.1)
for I = ℓ± 1
2
as discussed in ref. [3]. Here, g(V N)s denotes the g-factor
of the valence nucleon for the single particle state. µsp is the single
particle value of the magnetic moment operator and can be written as
µs.p. = (I − 1
2
)g
(V N)
ℓ +
1
2
g(V N)s for I = ℓ+
1
2
(3.2a)
µs.p. =
I
I + 1
(
(I +
3
2
)g
(V N)
ℓ −
1
2
g(V N)s
)
for I = ℓ− 1
2
. (3.2b)
g(V N)s and g
(V N)
ℓ are taken to be the free nucleon g−factors,
g
(p)
ℓ = 1.0, g
(p)
s = 5.5855
g
(n)
ℓ = 0, g
(n)
s = −3.8263.
Also, δµmes is the effective magnetic moment arising from the meson
exchange current [12] and can be approximated by
δµmes ≈ 0.1ℓτ3. (3.3)
In the present calculation, however, we do not take into account the
exchange current effects. This is because it is not very easy to calculate
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the ∆ℓ = 2 core polarization effect together with the exchange current
in a consistent way. In any case, the exchange current effects are not
very large here.
Therefore, we do not have any free parameters in the evaluation of the
expectation value of the Σ
(1)
i for the ∆ℓ = 0 core polarization case.
(b) ∆ℓ = 2 core polarization
The contribution of the ∆ℓ = 2 core polarization to the operator∑
g(i)s Σ
(1)
i depends very much on the nuclear configurations. For ex-
ample, there is little chance for light nuclei that the ∆ℓ = 2 core po-
larization becomes important. However, in the Eu nuclei, there may
be a large contribution from the ∆ℓ = 2 core polarization. This can
be easily seen if we look at the neutron configurations. For example,
in the 147Eu nucleus, the two neutrons outside the N = 82 magic
shell may have the following orbits, 2f 7
2
and 1h 9
2
nearby which have
almost the same single particle energies. Therefore, there is a strong
mixture between them due to the [sY (2)](1) operator, and thus we have
to consider these configurations carefully.
Since the Eu isotopes with even number of neutrons have the spin of
I = 5
2
, the proton state may be described by 2d−15
2
. Also, the neutron
number N = 82 is a magic shell, and therefore the Eu nucleus with
the mass number A = 63+ 82+ n should have the n neutrons outside
the N = 82 shell. Therefore, the wave function for the Eu nucleus
with n neutrons may be constructed by the following three states
|Ψ0 : n >= α1|1 > +α2|2 > +α3|3 > (3.4)
where
|1 >= |π(2d 5
2
)−1, ν(2f 7
2
)(n)(0+) : II > (3.5a)
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|2 >= |π(2d 5
2
)−1, ν
(
(2f 7
2
)(n−1)1h 9
2
)
(1+)
: II > (3.5b)
|3 >= |π(2d 5
2
)−1, ν
(
(2f 7
2
)(n−1)2f 5
2
)
(1+)
: II > . (3.5c)
α1, α2 and α3 should be determined by the nuclear residual interaction.
Note that I is here 5
2
.
To determine the values of the αi, we employ the δ-function force for
the residual interaction for simplicity [11],
V12 = −V0δ(r1 − r2). (3.6)
Now, the problem is that we cannot use the perturbation theory here
since the unperturbed energies of the state |1 > and the state |2 > are
degenerate. Therefore, we should diagonalize the hamiltonian with the
residual interaction. Denoting the unperturbed energies for the states
|i > as Ei, we obtain the matrix equations which determine the values
of αi.
(E1 + V11 − E)α1 + V12α2 + V13α3 = 0 (3.7a)
V21α1 + (E2 + V22 − E)α2 + V23α3 = 0 (3.7b)
V31α1 + V32α2 + (E3 + V33 − E)α3 = 0. (3.7c)
Here, we can take E1 = E2 to a good approximation. Also, we can
neglect the interference term between the |2 > and |3 > states.
Before going to determine the values of the parameters V0 and E1,
we discuss the core polarizations which contribute to the magnetic
moment. Since the N=82 is the magic shell, the neutrons of the 145Eu
nucleus are all filled. In this case, there is no contribution from the
∆ℓ = 2 core polarization. Instead, the ∆ℓ = 0 core polarization comes
from the neutrons configuration mixing of
|π(2d 5
2
)−1, ν
(
(1h 11
2
)−11h 9
2
)
(1+)
: II >
10
state, and the proton configuration mixing of
|π(2d 5
2
)−2, (2d 5
2
) : II >
state. We take these effects perturbatively.
For the heavier Eu isotopes, we assume that this part of the ∆ℓ = 0
core polarization behaves just in the same way as the 145Eu nucleus.
Therefore, the nuclear state of eq.(3.4) should reproduce the magnetic
moment which is the observed magnetic moment plus the contribution
from the ∆ℓ = 0 core polarization. This can be easily obtained since
the 145Eu has only the ∆ℓ = 0 core polarization, which is δµCP = −0.8
n.m.
However, this is possible only up to the A = 151 nucleus, and there
is a big change of the observed magnetic moment from A = 151 to
A = 153. The magnetic moment of A = 153 nucleus is smaller than
A = 151 by a factor 2. This means that we cannot reproduce the
magnetic moment of the nuclei heavier than the A = 153 by the simple-
minded core polarization.
Therefore, we should consider some kind of collective state (deformed
state) into the original state |Ψ0 : n >. We call this new state |MAS >
state (magnetic absorbing state) since the |MAS > state is assumed
to have a vanishing magnetic moment. That is,
< MAS|
A∑
i=1
µi|MAS >= 0. (3.8a)
At the same time, we assume that the expectation value of the operator∑
g(i)s Σ
(1)
i with the MAS state vanishes,
< MAS|
A∑
i=1
g(i)s Σ
(1)
i |MAS >= 0. (3.8b)
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In this case, we can construct the wave functions for the 153Eu nuclei.
We write
|Ψ :MAS >=
√
1− α24|Ψ0 : n = 8 > +α4|MAS > . (3.9)
Here, the value of the parameter α4 can be determined such that the
observed magnetic moment can be reproduced for the 153Eu nuclei.
Now, concerning the configurations for the A=155 and heavier nuclei,
the 2f 7
2
states are filled. Therefore, we take the following configuration
|Ψ˜0 : n >= α1|1˜ > +α2|2˜ > +α3|3˜ > (3.10)
where
|1˜ >= |π(2d 5
2
)−1, ν(1h 9
2
)(n−8)(0+) : II > (3.11a)
|2˜ >= |π(2d 5
2
)−1, ν
(
(1h 9
2
)(n−7)(2f 7
2
)−1
)
(1+)
: II > (3.11b)
|3˜ >= |π(2d 5
2
)−1, ν
(
(2f 7
2
)−12f 5
2
)
(1+)
: II > . (3.11c)
Here, the value of the α3 is fixed to the one determined for A=153.
Further, the wave function is taken to be
|Ψ :MAS >=
√
1− α24|Ψ˜0 : n > +α4|MAS > . (3.12)
These are the shell model wave functions which we use for our calcula-
tions. However, they are obviously too simple-minded wave functions,
but we believe that we can get some idea as to what are the contri-
butions from the ∆ℓ = 2 core polarization as well as from the sharp
change of the magnetic moment to the hfs constant in the Eu isotopes.
(c) Moskowitz-Lombardi empirical formula
Moskowitz and Lombardi proposed an empirical formula in order to
explain the isotope shifts of the hfs anomaly in Hg isotopes [5]. They
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simply take the shape of the hfs anomaly to be
ǫ =
α
µ
where α is a constant. When they take α to be ±0.01 n.m. for j =
ℓ± 1
2
neutron orbits, they obtain a remarkably good description of the
isotope shifts ∆12 for the Hg nuclei.
Here, we want to apply this formula to the Eu isotopes. In this case,
we should make a correction due to the atomic orbit. It should reflect
in the value of the α since the hfs anomaly depends on b(kJ). Therefore,
we make this atomic correction as
C =
b(kJ)(Eu)
b(kJ)(Hg)
≈ 0.5.
Therefore, we take the α to be ∓0.005 n.m. for j = ℓ± 1
2
proton orbits.
4. Numerical Results
Once we know the values of αi in eqs.(3.5) and (3.11), then we can calculate
the expectation values of the magnetic moment as well as the Σ
(1)
i operator.
Before going to the numerical calculations, we make the valence nucleon
approximation to the expectation values of < (Ri
R0
)2 >. Since the dominant
contributions to the magnetic moment as well as to the Σ
(1)
i operator come
from the valence nucleons, it is always a good approximation to factorize
the < (Ri
R0
)2 > and µi or Σ
(1)
i . Therefore, eq.(2.7) can be written as
ǫ = −0.62b(kJ) <
(
Ri
R0
)2
>V N −0.38b(kJ) <
(
Ri
R0
)2
>V N
1
µ
< II|
A∑
i=1
g(i)s Σ
(1)
i |II >
(4.1)
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where < (Ri
R0
)2 >V N is the expectation value with the valence nucleons.
Now, we can calculate the hfs anomaly with the shell model wave functions.
First, we consider the ∆ℓ = 0 core polarizations. In this case, we do not
have any free parameters since all the terms in eq.(3.1) are known. In Table
1, we show our calculated results of the hfs anomaly with the ∆ℓ = 0 core
polarization for the Eu nuclei. Also, the calculated results of the isotope
shifts ∆145,A are shown.
Next, we consider the ∆ℓ = 2 core polarizations. In this case, we should
first determine the values of αi. Basically we change the value of the E3 so
that we can obtain the observed magnetic moment.
In Table 2, we show our calculated results of the hfs anomaly including the
∆ℓ = 2 core polarizations. Also, the isotope shifts of the hfs anomaly are
shown. Here, as mentioned before, we have not considered the exchange
current effect on the hfs anomaly. Therefore, there is no difference in the
hfs anomaly for the 145Eu between Table 1 and Table 2 since 145Eu does
not have any effects due to the ∆ℓ = 2 core polarizations. On the other
hand, the difference in the hfs anomaly between Table 1 and Table 2 for the
heavier Eu isotopes is partly due to the ∆ℓ = 2 core polarization effect and
partly due to the MAS state. In particular, the large difference between the
two calculations for the Eu nuclei heavier than the A=153 comes from the
MAS state. The ∆ℓ = 2 core polarization contribution to the hfs anomaly
for the 147Eu is about ǫ∆ℓ=2 ≈ 0.01 %.
These calculations should be compared to the prediction by Moskowitz-
Lombardi empirical rule of eq.(1.2). Note that the large difference of the
hfs anomaly ǫ in magnitude between the present calculations and the M-
L formula is mainly due to the first term in eq.(4.1). However, the first
term in eq.(4.1) contributes very little to the isotope shifts ∆12 since it is
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practically constant.
In order to see more clearly the difference between the models, we plot in
fig. 1 the isotope shifts of the hfs anomaly as the function of the nuclear
mass number A.
First, we want to present the results of the Mercury isotopes so that we can
obtain some idea how these models can describe the data. In fig. 1a, we
show the predictions of the ∆199,A for the Hg nuclei by the different models.
There, the difference between the model calculations is not very large. At
least, there is a qualitative agreement in the behavior, although the M-L
formula (dashed line) can describe the data better than the shell model
calculations. The FULL (solid line) in fig. 1a indicates that the calculation
includes both the ∆ℓ = 0 and ∆ℓ = 2 core polarizations. Here, however,
the ∆ℓ = 2 core polarization is not very large [3].
In fig.1b, we show the calculated results for the Eu nuclei. In this case,
there is a big difference between the model calculations of the isotope shifts
∆145,A. The Moskowitz-Lombardi empirical formula (dashed line) predicts
a big change in the isotope shifts ∆145,A at the A = 153 nucleus. On the
other hand, our theoretical estimations show a very different behavior of
the isotope shift ∆145,A. In particular, the predictions with the ∆ℓ = 0
core polarizations (dotted line) give a completely opposite behavior to the
M-L result. The sign of the isotope shifts ∆145,A are negative. Also, the
FULL shell model calculations (solid line) show a quite smooth transition
at A=153. This is mainly due to the introduction of the MAS state.
Therefore, it should be extremely interesting to check experimentally which
of the models can be reasonable. Further, it would be very interesting to
understand whether there is any universality in the M-L formula.
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5. Conclusions
We have presented the numerical calculations of the isotope shifts of the
magnetic hfs anomaly for the Eu nuclei. Here, we have considered the
∆ℓ = 0 as well as the ∆ℓ = 2 core polarizations to the hfs operators.
It turns out that the calculations with both of the core polarizations do
not show any sharp transition at A = 153 where the observed magnetic
moment show a big change. This is because the hfs operators and the
magnetic moment operators behave similarly by the core polarizations, and
therefore the effects of the core polarizations cancel with each other.
On the other hand, there is a very nice empirical formula by Moskowitz-
Lombardi, which perfectly describes the isotope shifts of the hfs anomaly in
Hg nuclei. Here, we also employ the M-L formula how it predicts the isotope
shifts of the hfs anomaly in the Eu nuclei. It turns out that the M-L formula
predicts a transition at A = 153 since this is essentially proportional to the
inverse of the magnetic moment.
Therefore, it would be extremely nice to learn which of the pictures the
nature prefers. Also, it is quite interesting to understand if there is any
universality in this simple M-L rule.
Acknowledgment: We thank I. Katayama and G. Werth for discussions. This
work is supported in part by Japanese-German Cooperative Science Promotion
Program.
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Table 1
The hfs anomaly for Eu isotopes (∆ℓ = 0)
A µ b
(1s 1
2
)
(%) −ǫ (%) ∆145,A (%)
145 3.993 1.58 1.067 0
147 3.724 1.58 1.056 −0.011
149 3.565 1.59 1.053 −0.014
151 3.472 1.59 1.046 −0.021
153 1.533 1.60 0.919 − 0.148
155 1.56 1.60 0.919 −0.148
157 1.5 1.61 0.912 −0.155
159 1.38 1.62 0.893 −0.174
We plot the hfs anomaly and the isotope shifts for the Eu isotopes with
the ∆ℓ = 0 core polarization. In addition, we show the magnetic moment
and the electron wave function coefficient b(kJ) for 1s 1
2
.
Table 2
The hfs anomaly for Eu isotopes (∆ℓ = 0) + (∆ℓ = 2)
A µ b
(1s 1
2
)
(%) −ǫ (%) ∆145,A (%) −ǫML (%) ∆ML145,A (%)
145 3.993 1.58 1.067 0 0.125 0
147 3.724 1.58 1.044 −0.023 0.1349 0.009
149 3.565 1.59 1.042 −0.025 0.140 0.015
151 3.472 1.59 1.036 −0.031 0.144 0.019
153 1.533 1.60 1.039 −0.028 0.326 0.201
155 1.56 1.60 1.035 −0.032 0.32 0.20
157 1.5 1.61 1.019 −0.048 0.33 0.21
159 1.38 1.62 1.019 −0.048 0.36 0.24
We plot the hfs anomaly and the isotope shifts for the Eu isotopes with
the ∆ℓ = 0 and ∆ℓ = 2 core polarizations. Also, we show the predictions
by the M-L empirical formula with the universal coupling of α = −0.005
n.m.
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Figure Captions :
Fig.1a :
The isotope shifts ∆199,A of the hfs anomaly for the Hg nuclei are shown as
the function of the mass number. The solid line (FULL) denotes the shell
model calculation including both the ∆ℓ = 0 and ∆ℓ = 2 core polarizations.
The dashed line (M-L) is the calculation by the M-L empirical formula (
ǫML and ∆MLA,145 ). The black circles denote the experiment [13,14].
Fig.1b :
The isotope shifts ∆145,A of the hfs anomaly for the Eu nuclei are shown
The same as fig.1a for the solid and dashed lines. The dotted line denotes
the calculation only with the ∆ℓ = 0 core polarization.
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